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@ Exakini popis dllezitych vlastnosti systému
@ Zanedbani nepodstatného
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@ Exakini popis dllezitych vlastnosti systému
@ Zanedbani nepodstatného
@ Existence pfesného analytického feseni
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@ Exakini popis dllezitych vlastnosti systému
@ Zanedbani nepodstatného
@ Existence pfesného analytického feseni

Vzdy je to jen model — rozhodujici je srovnani s realitou!




@ Populace v Case t: N; jedincl (bunék, baktérii, lidi,
snehulakd, .. .), napr. 742

«0O0>» «F» «E)>» «

it
i
w
N)
o
i)




@ Populace v Case t: N; jedincd (bunék, baktérii, lidi,
snehulakd, .. .), napr. 742
@ Jeden Casovy krok:
e d = 1/70 populace uhyne
e f=4/100 pfirustek
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Malthusiansky model

@ Populace v Case t: N; jedincu (bunék, baktérii, lidi,
snehulakd, .. .), napf. 742
@ Jeden Casovy krok:

e d =1/70 populace uhyne
e f=4/100 pfirustek
@ Populace v ¢ase t + 1:

Nty = Ni+f-Ni—d-Ny = 74244 /100-742—1/70-724 = 761
Nigt = Ni+f-Ni—d- Ny =
— (A 4f—d)-N
— ANe A=(1+f—d)

Matematické modely v mediciné
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Malthusiansky model
Nelinearni model

Malthusiansky model

@ Populace v Case t: N; jedincu (bunék, baktérii, lidi,
snehulakd, .. .), napf. 742
@ Jeden Casovy krok:
e d =1/70 populace uhyne
e f=4/100 pfirustek
@ Populace v ¢ase t + 1:
Nist = Ny+f-Ni—d-N; = 742+4/100-742—1/70-724 = 761

Nigt = Ni+f-Ni—d- Ny =
= (1+f—=d)-N:
= AN A=(1+f-d)
@ Populace v libovolném ¢ase (napf. t 4+ 500):

Niis00 = A% - Ny = (1 +4/100 — 1/70)500 . 742 =~
1,025%00 . 742 =~ 326 . 742 =~ 241 883 375

Matematické modely v mediciné



Cas N

0 742

. Malthusiansky model 1 761

2 781

3 801

4 821

= 5 842
10 956

Cae 100 9398

500 | 241883375
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° A—A;V — pomérny prirustek

e Malth. model:
A_A;V =f—d=r (konst.)
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AN

N

— pomérny prirustek

e Malth. model:

AN
N

AN=(f-d)-N
A_A;V:f_d:r(konst.)

=r. (1 — %) — diskrétni logisticky model
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Malthusiansky model
Nelinearni model

Nelinearni model

AN Ny AF
@ 5 —pomerny prirustek

e Malth. model:
AN=(f—d)-N
AN =f—d=r (konst.)
o SN =r. (1 — %) — diskrétni logisticky model
@ K — nosna kapacita systému* (carrying capacity)
e volba jednotek
@ rovnovazny stav

Matematické modely v mediciné
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Nelinearni model

AN — pomérny pfirustek

e Malth. model:
AN=(f—-d)-N
&Y = f—d=r (konst.)

o SN =r. (1 — %) — diskrétni logisticky model

@ K — nosna kapacita systému* (carrying capacity)
e volba jednotek
@ rovnovazny stav

e pro N < K: 8N ~ r (— Malth. model)

Matematické modely v mediciné



2000 ' ' Nt+1 ZN[—I—Nt-I'-(1 —%)
er<1,0
e monotdnni funkce
e r=01
@e10<r<20
500 - i @ oscilace
o : : : : : : er>20

o stochasticky chaos
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Negt = Ne+ Np-r- (1 _%)

er<1,0
@ monotonni funkce
e r=01
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@e10<r<20
e oscilace
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o stochasticky chaos




2000

1500

1000

500

Negt = Ne+ Np-r- (1 _%)

er<1,0

e monotdnni funkce
e r=01
e r=03

@e10<r<20

@ oscilace
er=19

er>20
o stochasticky chaos
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300

Negt = Ne+ Np-r- (1 _%)

er<1,0

e monotdnni funkce
e r=01

@e10<r<20
@ oscilace

er>20
o stochasticky chaos
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Negt = Ne+ Np-r- (1 _%)

er<1,0

e monotdnni funkce
e r=01

@e10<r<20

@ oscilace
er>20
o stochasticky chaos
er=29
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@ P — mnozstvi predatord

@ Q — mnozstvi kofisti
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@ P — mnozstvi predatord
@ Q — mnozstvi kofisti
@ AQ=r-Q-(1-8)




@ P — mnozstvi predatord
@ Q — mnozstvi kofisti
o AQ:r-Q-(1 —%)—s~PQ




@ P — mnozstvi predatord

@ Q — mnozstvi kofisti

@ AQ=r-Q-(1-8)-s-PQ
@ AP=—-u-P
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@ P — mnozstvi predatord

@ Q — mnozstvi kofisti

@ AQ=r-Q-(1-8)-s-PQ
@ AP=—-u-P+v-PQ
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P — mnozstvi predator

Q — mnozstvi kofisti
AQ:r-Q-(1 —%)—S~PQ
AP=—-u-P+v-PQ

r, s, u, va K — parametry
modelu

PQ — mass action

T T
Predator 1
Kofist 1
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P — mnozstvi predator

Q — mnozstvi kofisti
AQ=r-Q-(1-9)-s-PQ
AP=—-u-P+v-PQ

r, s, u, va K — parametry
modelu

PQ — mass action

T T
Predétor 1

Kofist 1
predator2 —— |
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° AQ:r-Q~(1 —%)—&PQ
@ AP=—-u-P+v-PQ

@ Rovnovazny stav: AP=0aAQ=0

r=13;, s=05;, u=0,7; v=1,6D; K

=1

> Fr «




° AQ:r~Q~(1 —%)—&PQ
@ AP=—-u-P+v-PQ
@ Rovnovazny stav: AP=0aAQ=0

AP =
—U-Peg+ V- PoqgQeq =
V- PegQeq =

V- Qeq
Qg =
Qg =

<l & © © ©
0
Q

o
™
~

r=13;, s=05;, u=0,7; v=136D; K=1




° AQ:r~Q~(1 —%)—&PQ
@ AP=—-u-P+v-PQ
@ Rovnovazny stav: AP=0aAQ=0

AP = 0 AQ = 0
—U-Peg+V-PeqgQeq = 0
Ve lVT = (%)
Qoy = % Py = 1,46
Qeq = 044

r=13;, s=05;, u=0,7; v=136D; K=1
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@ P —intenzita imunitni reakce (T bunky, /g,
@ Q- mirainfekce (PCT, Leu, ...)
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@ P —intenzita imunitni reakce (T bunky, /g, ..
@ Q- mirainfekce (PCT, Leu, ...)
@ AP=r-Q-s-PQ
e AQ=u-Q-v-PQ

)
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@ Populace bunék — 3 stadia
@B — B — B3
@ Bj uvolnuje rastovy faktor, diky kterému se déli B;
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Strukturovana populace

@ Populace bunék — 3 stadia
(] B1 — Bg — Bg
@ Bj uvolnuje rastovy faktor, diky kterému se déli B;

Biii = 09925 B, +0,0125- By,
327“_1 = 0,9875- 3271 +0,0075 - B171L
Byii = 0,915 By +0,0085- By,

Matematické modely v mediciné
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Biiy1 = 0,9925-B;;+0,0000-Bp;+0,0125- By
Boi1 = 0,0075- B¢+ 0,9875- By + 0,0000 - Bs
Bsi1 = 0,0000- B+ 0,0085- By +0,9915 - B
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(

Bi t41

B i1

Bs t41

Bi t11
Ba 11
B3 t+1

0,9925 - By ¢+ 0,0000 - By ¢ + 0,0125 - By ;
0,0075 - By ¢+ 0,9875 - By ¢ + 0,0000 - Bs ¢
0,0000 - By ¢ + 0,0085 - By ¢ + 0,9915 - Bs ;

0,9925 0,0000 0,0125 By
= | 0,0075 0,9875 0,0000 || Bz
0,0000 0,0085 0,9915

Bs

[m] «F =

a
it




Biiy1 = 0,9925-B;;+0,0000-Bp;+0,0125- By
Boi1 = 0,0075- B¢+ 0,9875- By + 0,0000 - Bs
Bsi1 = 0,0000- B+ 0,0085- By +0,9915 - B

Bi i1 0,9925 0,0000 0,0125 B,

Boiy1 | = 0,0075 0,9875 0,0000 || Ba:

Bs 11 0,0000 0,0085 0,9915 B
By = 1B

| — prechodova matice (transition matrix)
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§t+2: T-Bt+1 - T. T.Bt: Tz.ét

(O aFr =

a




BH—ZZ T‘Bt+1 =T T‘Bt: Tz‘ét

Cimxn = Aimxn) - Bnxn

)
Cij=Y aik- b
k=1
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ciq Cip
21 %2

Cn,1

Cn,2

Bt+2: 7-‘Bt+1 =T- T.Bt: Tz.ét

Cimxn = Aimxn] * Binxn

I
E Z ajk - br,
k=1

Ct,n a1 a2 a,n by 1 -
C2,n a1 a2 o
Cn,n an 1 ane .

an,n

T

a




Ci]

C1,2
1 G

Cn,1 Cn2

Bt+2: 7-‘Bt+1 =T- T.Bt: Tz.ét

Cimxn = Aimxn] * Binxn

I
E Z ajk - br,
k=1

Ct,n a1 a2 ai,n by b
C2,n @4y ap % .
Cn,n an 1 an2 =

an,n

T

a




BH—ZZ T'Bt+1 =T T‘Bt: Tz'ét

Cimxn = Aimxn) - Bnxn

)
Cij=Y aik- b
k=1

¢4 G2 - Cp a2 an biy Do - byp
C1 oo ot Cop a1 a2 - anp boy oo o0 bap
Cn 1 Cph2 Cn,n an,1 an2 an,n bn 1 bp 2 bn,n

A-B-C=(A-B)-C=A-(B-C) A B#B-A
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Vektor v a ¢islo A jsou vlastnim vektorem a vlastnim cislem
matice T, pokud plati: T-vV =XV

Libovolny vektor mlze byt zapsan jako soucet vlastnich
vektorl:@=cy - Vi +Co-Vo+ -+ Cn- Vp
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Strukturovana populace

Rovnovazny stav, vlastni Cisla a vektory

Definice

Vektor v a €islo A jsou vlastnim vektorem a vlastnim ¢islem
matice T, pokud plati: T-v=\-V

Véta
Libovolny vektor mize byt zapsan jako soucet vlastnich
vektorl: @=¢y- V4 +C-Vo+---+Cn- Vp

@ Vlastni vektory v predstavuiji rovnovazny stav systému

@ Rozkladem &j na vlastni vektory Ize spocitat stav populace
v Case t bez nutnosti vypoctu T
ét: Tt'é(): Tt~(C1 ~\71 —|-02-\72—|—---—|-Cn~\7n):
C1 .)\g.\_/’1 +CZ‘)\£‘V2+"‘+Cn‘)\£7"7n

Matematické modely v mediciné



K dalsimu cteni
Dodatek Diferencni a diferencialni rovnice
Vypocet vlastnich Cisel a vektord

K dalsimu cteni

¥ E. S. Allman, J. A. Rhodes
Mathematical Models In Biology An Introduction
Cambridge, 2004

¥ V. Takeuchi, Y. lwasa, K. Sato (Eds.)
Mathematics For Life Science And Medicine
Springer, 2007

[4 J.D. Nagy
Competition And Natural Selection In A Mathematical
Model Of Cancer
Bulletin of Mathematical Biology, (2004) 66, 663—687

IATEX 2
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K dalSimu Cteni
Dodatek Diferen¢ni a diferencialni rovnice
Vypocet vlastnich &isel a vektoru

Diferen¢ni a diferencialni rovnice

Diferenéni rovnice Diferencialni rovnice
@ Nipat =Nt + AN ® Nijgr = Ny + %k
@ At konecné @ dt nekone¢né malé
@ Vypocet Ny 1 pomoci N;, (infinitezimalni)
neni vzdy mozné najit Ni.p @ Vysledkem feseni je
jako funkei N; funkce, ne &islo

@ Neékdy (zfidka) je mozné
analytické reseni

Matematické modely v mediciné
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oM.
o M- =0

o M. V=0

o (M—X-1) V=0

@ AM—X-N)""=dettM—X\-1)=0

=XV
)V
-/

<t <t <UI
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0 det( i
=0

=A-V
-V
Al

<t <t <UI

oM
oM.
oM

<1 Il

@ (M—X-1)-V=0
® AM—X-1)~" = det(M— A

NESON

@ (a-N)-x+b-y=0
c-y+(d-X)-y=0

o o |
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