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”Model“ imunitnı́ reakce
Strukturovaná populace
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Ideálnı́ vlastnosti
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Vždy je to jen model – rozhodujı́cı́ je srovnánı́ s realitou!
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Matematické modely
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Nelineárnı́ model

Matematický model
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Možnosti matematiky v medicı́ně
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Malthusiánský model
Nelineárnı́ model

Malthusiánský model

Populace v čase t : Nt jedinců (buněk, baktériı́, lidı́,
sněhuláků, . . . ), např. 742

Jeden časový krok:
d = 1/70 populace uhyne
f = 4/100 přı́rustek

Populace v čase t + 1:
Nt+1 = Nt +f ·Nt−d ·Nt = 742+4/100·742−1/70·724 ∼= 761

Nt+1 = Nt + f · Nt − d · Nt =

= (1 + f − d) · Nt

= λ · Nt ; λ = (1 + f − d)

Populace v libovolném čase (např. t + 500):
Nt+500 = λ500 · Nt = (1 + 4/100− 1/70)500 · 742 ∼=
1,025500 · 742 ∼= 326 · 742 ∼= 241 883 375
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d = 1/70 populace uhyne
f = 4/100 přı́rustek
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Čas N
0 742
1 761
2 781
3 801
4 821
5 842
...

...
10 956

...
...

100 9 398
...

...
500 241 883 375
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Malthusiánský model
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Nelineárnı́ model

∆N
N – poměrný přı́rustek

Malth. model:
∆N = (f − d) · N
∆N
N = f − d = r (konst.)

∆N
N = r ·

(
1− N

K

)
– diskrétnı́ logistický model

K – ”nosná kapacita systému“ (carrying capacity)
volba jednotek
rovnovážný stav

pro N � K : ∆N
N ≈ r (→ Malth. model)
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Malth. model:
∆N = (f − d) · N
∆N
N = f − d = r (konst.)

∆N
N = r ·

(
1− N

K

)
– diskrétnı́ logistický model
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Chovánı́ pro různá r

Nt+1 = Nt + Nt · r ·
(

1− N
K

)
r < 1,0

monotónnı́ funkce
r = 0,1

r = 0,3

1,0 < r < 2,0
oscilace

r = 1,9

r > 2,0
stochastický chaos

r = 2,9
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r = 2,9
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r = 2,9
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Predátor a kořist

”Model“ imunitnı́ reakce
Strukturovaná populace

Predátor a kořist

P – množstvı́ predátorů

Q – množstvı́ kořisti
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Q – množstvı́ kořisti
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Matematické modely v medicı́ně
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Predátor a kořist
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Matematické modely
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∆Q = r · Q ·
`
1 − Q

K

´
− s · PQ

∆P = −u · P + v · PQ

r , s, u, v a K – parametry
modelu

PQ – mass action

Matematické modely v medicı́ně
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”Model“ imunitnı́ reakce
Strukturovaná populace

Predátor a kořist
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Predátor a kořist
Rovnovážný stav

∆Q = r ·Q ·
(

1− Q
K

)
− s · PQ

∆P = −u · P + v · PQ
Rovnovážný stav: ∆P = 0 a ∆Q = 0

∆P = 0

−u · Peq + v · PeqQeq = 0

v · PeqQeq = u · Peq

v · Qeq = u

Qeq =
u
v

Qeq = 0,44

∆Q = 0
...

Peq =
r
s
·

„
1 − Qeq

K

«
Peq = 1,46

r = 1,3; s = 0,5; u = 0,7; v = 1,6; K = 1
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Predátor a kořist
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”Model“ imunitnı́ reakce

P – intenzita imunitnı́ reakce (T buňky, Ig, . . . )
Q – mı́ra infekce (PCT, Leu, . . . )

∆P = r ·Q − s · PQ
∆Q = u ·Q − v · PQ
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”Model“ imunitnı́ reakce
Sepse
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Strukturovaná populace

Strukturovaná populace

Populace buněk – 3 stádia
B1 → B2 → B3

B3 uvolňuje růstový faktor, dı́ky kterému se dělı́ B1

B1,t+1 = 0,9925 · B1,t + 0,0125 · B3,t

B2,t+1 = 0,9875 · B2,t + 0,0075 · B1,t

B3,t+1 = 0,9915 · B3,t + 0,0085 · B2,t
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Přı́klady
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Strukturovaná populace

B1,0 = 40; B2,0 = 30; B3,0 = 10
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Predátor a kořist

”Model“ imunitnı́ reakce
Strukturovaná populace

Strukturovaná populace
Maticový formalizmus

B1,t+1 = 0,9925 · B1,t + 0,0000 · B2,t + 0,0125 · B3,t

B2,t+1 = 0,0075 · B1,t + 0,9875 · B2,t + 0,0000 · B3,t

B3,t+1 = 0,0000 · B1,t + 0,0085 · B2,t + 0,9915 · B3,t

 B1,t+1
B2,t+1
B3,t+1

 =

 0,9925 0,0000 0,0125
0,0075 0,9875 0,0000
0,0000 0,0085 0,9915

 ·
 B1,t

B2,t
B3,t


~Bt+1 = T · ~Bt

T – přechodová matice (transition matrix)
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Možnosti matematiky v medicı́ně
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Přı́klady
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Strukturovaná populace
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Přı́klady
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Strukturovaná populace

Strukturovaná populace
Maticový formalizmus – násobenı́ matic

~Bt+2 = T · ~Bt+1 = T · T · ~Bt = T 2 · ~Bt

C[m×l] = A[m×n] · B[n×l]

ci,j =
l∑

k=1

ai,k · bk,j

A · B · C = (A · B) · C = A · (B · C) A · B 6= B · A
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Možnosti matematiky v medicı́ně
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Predátor a kořist
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Možnosti matematiky v medicı́ně
Matematické modely

Přı́klady

Predátor a kořist

”Model“ imunitnı́ reakce
Strukturovaná populace

Strukturovaná populace
Rovnovážný stav, vlastnı́ čı́sla a vektory

Definice
Vektor ~v a čı́slo λ jsou vlastnı́m vektorem a vlastnı́m čı́slem
matice T , pokud platı́: T · ~v = λ · ~v

Věta
Libovolný vektor může být zapsán jako součet vlastnı́ch
vektorů: ~a = c1 · ~v1 + c2 · ~v2 + · · ·+ cn · ~vn

Vlastnı́ vektory ~v představujı́ rovnovážný stav systému
Rozkladem ~a0 na vlastnı́ vektory lze spočı́tat stav populace
v čase t bez nutnosti výpočtu T t :
~at = T t · ~a0 = T t · (c1 · ~v1 + c2 · ~v2 + · · ·+ cn · ~vn) =
c1 · λt

1 · ~v1 + c2 · λt
2 · ~v2 + · · ·+ cn · λt

n · ~vn
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Možnosti matematiky v medicı́ně
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Rozkladem ~a0 na vlastnı́ vektory lze spočı́tat stav populace
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Dodatek
K dalšı́mu čtenı́
Diferenčnı́ a diferenciálnı́ rovnice
Výpočet vlastnı́ch čı́sel a vektorů

K dalšı́mu čtenı́

E. S. Allman, J. A. Rhodes
Mathematical Models In Biology An Introduction
Cambridge, 2004

Y. Takeuchi, Y. Iwasa, K. Sato (Eds.)
Mathematics For Life Science And Medicine
Springer, 2007

J. D. Nagy
Competition And Natural Selection In A Mathematical
Model Of Cancer
Bulletin of Mathematical Biology, (2004) 66, 663–687

LATEX 2ε
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Dodatek
K dalšı́mu čtenı́
Diferenčnı́ a diferenciálnı́ rovnice
Výpočet vlastnı́ch čı́sel a vektorů

Diferenčnı́ a diferenciálnı́ rovnice

Diferenčnı́ rovnice
Nt+∆t = Nt + ∆N
∆t konečné
Výpočet Nt+1 pomocı́ Nt ,
nenı́ vždy možné najı́t Nt+n
jako funkci Nt

Diferenciálnı́ rovnice

Nt+dt = Nt + dNt
dt

dt nekonečně malé
(infinitezimálnı́)
Výsledkem řešenı́ je
funkce, ne čı́slo
Někdy (zřı́dka) je možné
analytické řešenı́
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Dodatek
K dalšı́mu čtenı́
Diferenčnı́ a diferenciálnı́ rovnice
Výpočet vlastnı́ch čı́sel a vektorů

Výpočet vlastnı́ch čı́sel a vektorů (M[2×2])

M · ~v = λ · ~v

M · ~v − λ · ~v = 0
M · ~v − λ · I · ~v = 0
(M − λ · I) · ~v = 0
6 ∃(M − λ · I)−1 ⇒ det(M − λ · I) = 0(

a− λ b
c d − λ

)
·
(

x
y

)
=

(
0
0

)
(a− λ) · x + b · y = 0
c · y + (d − λ) · y = 0

I =

„
1 0
0 1

«

det
„

a b
c d

«
= a · d − c · b
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